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Energy ﬂuxThe effects of initial stress on the reﬂection and transmission waves at the interface between two piezo-
electric half spaces are studied in this paper. First, the secular equations in the traverse isotropic piezo-
electric half space are derived from the general dynamic equation with initial stress taken into
consideration. Then, the interface conditions that displacement, stress, electric potential, and electric dis-
placement are continuous across interface are required to be satisﬁed by three sets of coupled waves,
namely, quasi-longitudinal wave, quasi-transverse wave and the electric–acoustic wave. The algebraic
equations resulting from the interface conditions are solved to obtain the amplitude ratio of various
waves and furthermore the energy reﬂection and transmission coefﬁcients of various waves. The numer-
ical results are shown graphically and the effects of initial stress are discussed.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The reﬂection and transmission of an elastic wave at the inter-
face between two different mediums have been studied exten-
sively in the past decades. For example, Chattopadhyay and Saha
(1996) studied the reﬂection and refraction of P waves at a plane
interface between two different monoclinic media. Khurana and
Tomar (2008, 2007) have presented the wave propagation at a
plane interface between two micropolar elastic and chiral solid
half-spaces. Kumar and Singh (2008) and Kumar et al. (2008) have
studied the reﬂection and transmission of plane waves at an
imperfectly bounded interface of two orthotropic generalized ther-
moelastic half-spaces and between two orthotropic micropolar
elastic half-spaces with different elastic and micropolar properties.
Tomar and Arora (2006), Tomar and Garg (2005) and Tomar and
Singh (2005) discussed the reﬂection and transmission phenomena
of plane waves between two dissimilar porous elastic solid half-
spaces, two microstretch elastic half-spaces and between an elastic
and porous solid saturated by two immiscible ﬂuids. The medium
considered in their investigations have been extended from
homogenous isotropic elastic medium to anisotropic, thermoelas-
tic, porous elastic solid, micropolar, and chiral medium. Due to
the wide application of piezoelectric and piezomagnetic materialin the sensor, actuator and surface wave devices, the wave propa-
gation in the piezoelectric and piezomagnetic material have been
gotten attention recently. Pang and Wang (2008) studied the
reﬂection and transmission of an elastic wave at the interface
between the piezoelectric material (BaTiO3) and the piezomagnetic
material (CoFeO4). It is found that there exist four independent
basic waves in semi-inﬁnite piezoelectric or piezomagnetic aniso-
tropic elastic media. Li and Wang (2006) studied the propagation
and localization of plane elastic waves in disordered periodic
layered piezoelectric composite structures with the effect of
mechanic–electric coupling taken into consideration. Rodríguez-
Ramos et al. (2011) studied the behavior of transmission coefﬁ-
cients for shear horizontal (SH) wave propagation with oblique
incident in piezocomposite layered systems. The effects of the
requency, incident angle and piezoelectric volume fraction on the
transmission coefﬁcient are discussed. Alvarez-Mesquida et al.
(2001) also studied the transmission behavior of SH wave in piezo-
electric laminated structure. Since most laminated piezocompos-
ites are bonded with polymeric materials, the effect of these
ﬁlms was studied in this paper. Sharma et al. (2008) further stud-
ied the reﬂection of piezothermoelastic waves from a transversely
isotropic half space. Both of piezoelectric effects and pyroelectric
effect are considered. The quasi-longitudinal (QL), quasi-transverse
(QT) and thermal wave (T-mode) incident cases at the mechani-
cally stress-free, thermally insulated or isothermal, and electrically
open circuit boundary are considered. Recently, Abd-alla et al. (in
press) consider three thermoelastic theories, namely, the classical
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relaxation time and Green and Lindsay theory with two relaxation
times, to study the reﬂection and transmission problem at inter-
face. Shuvalov and Gorkunova (1999) studied the transverse acous-
tic waves in piezoelectric and ferroelectric antiphase superlattices.
The electromechanical coupling stipulated the excitation of inter-
face modes, so that the diffraction involves four modes in total.
However, it is noted that inﬂuences of initial stresses are not
involved in all above-mentioned works.
Due to the different material properties, thermal expansion
coefﬁcients and the shrinkage and growth during the processing
at different temperature, the presence of initial stress is unavoid-
able. On the other hand, to prevent the piezoelectric material from
brittle fracture, the layered structure is usually pre-stressed during
the manufacture process. The effect of initial stress on wave prop-
agation in the layered structures is therefore interesting. Dey and
Addy (1997) have investigated the propagation of P and S waves
in an unbounded medium under initial stresses and discussed
the effects of initial stress on the velocities of these waves. Singh
(2010) studied the reﬂection of plane waves at a traction-free
and electrically shorted/charge-free surface of a prestressed piezo-
electric medium. The reﬂection coefﬁcients of QP and QSV waves
are derived for electrically shorted and charge-free cases and the
effect of initial stress is discussed. Qian et al. (2004) have discussed
the propagation behavior of horizontally polarized shear waves
(SH-waves) in a periodic multilayered piezoelectric composite
structure with initial stress. Inﬂuence of initial stress on the stop
band effect and the dispersion relation of the SH-waves are dis-
cussed. Abd-alla and Alsheikh (2009) studied the effects of initial
stress on the reﬂection and transmission coefﬁcients of an elastic
wave at interface between two traverse isotropic piezoelectric sol-
ids. However, the characteristics of quasi longitudinal and quasi
traverse wave used the electrical condition such that the surface
of the two media is subjected to charge free (open circuit). This
implies that the electric displacement and the tangent components
of displacements are not to be continuous.
In this paper, the effects of initial stress on the reﬂection and
transmission coefﬁcients of an elastic wave at the interface
between the two piezoelectric solids are studied. The drawback of
Abd-alla and Alsheikh (2009)’s work is modiﬁed. The polarization
directions of quasi longitudinal and quasi traverse waves are
assumed not vertical or parallel to the propagation direction. The
continuous conditions of all electrical and mechanical qualities,
instead of parts of them, are also used. Moreover, instead of only
consideration of the normal initial stress in most literature, three
types of initial stress including normal and shear initial stress are
considered. Usually, the reﬂection and transmission coefﬁcients in
terms of the amplitude ratio of various waves are calculated by
the use of interface continuous conditions in the most literature.
However, the energy ﬂux reﬂection and the transmission coefﬁ-
cients are calculated instead of the displacement amplitude ratio.
The advantages of the energy ﬂux reﬂection and transmission coef-
ﬁcients are that they can be used to validate directly the numerical
results with consideration of energy conservation whereas the dis-
placement amplitude ratio cannot.ijmnc′ mije′ miε ′ ρ ′
ijmnc mije miε ρ
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Fig. 2. Energy ﬂux balance in one thin layer at interface.2. Statement of problem
The constitutive equation of piezoelectric solid can be written
as
rij ¼ cijmnSmn  emijEm
Dm ¼ emijSij þ emiEi

ð1Þ
where rij and Sij are the stress and strain tensor, respectively. Ei and
Dm are the electric ﬁeld and electric displacement, respectively.cijmn, emij, and emi are the elastic, piezoelectric and dielectric con-
stant, respectively. In the case of traverse isotropic solid, Eq. (1) is
reduced to
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eijk ! eiK ði; j; k; l ¼ 1;2;3; I; J ¼ 1;2; . . .6Þ (Auld, 1990). The strain
tensor is related with the displacement by
Sij ¼ 12 ðuj;i þ ui;jÞ ð3aÞ
and the electric ﬁeld is related with the electric potential by
Ei ¼ u;i ð3bÞ
in the quasi static electric ﬁeld approximation. In the plane strain
case, the displacement and the electric potential are only the func-
tion of x and z.Fig. 3. Effects of initial stress r0xx ¼ r0xx

c044
 
on the reﬂection
Table 1
The physical constants of ALN and PZT-5H (Auld, 1990).
c11/(N m2) c12/(N m2) c13/(N m
ALN 41 1010 14 1010 10 1010
PZT-5H 12:6 1010 7:95 1010 8:41 1010
e15/(C m2) e31/(C m2) e33
ALN 0.48 0.58 1
PZT-5H 17 6.5 23u ¼ uðx; z; tÞ;0;wðx; z; tÞf g
u ¼ uðx; z; tÞ

ð4Þ
Inserting Eqs. (3) and (4) into Eq. (2) leads to
rxx ¼ c11 @u@x þ c13 @w@z þ e31 @u@z
ryy ¼ c21 @u@x þ c13 @w@z þ e31 @u@z
rzz ¼ c13 @u@x þ c33 @w@z þ e33 @u@z
rzx ¼ c44 @u@z þ @w@x
 þ e15 @u@x
ryz ¼ rxy ¼ 0
8>>>>>><
>>>>>>:
ð5aÞand transmission angles in the case of incident QP wave.
2) c33/(N m2) c44/(N m2) q/(kg m3)
39 1010 12 1010 3230
11:7 1010 2:30 1010 7500
/(C m2) e11/(C2  N1 m2) e33/(C2  N1 m2)
.55 7:1 1011 8:4 1011
.3 1505 1011 1302 1011
Fig. 4. Effects of initial stress r0xx on the reﬂection and transmission coefﬁcients in the case of incident QP wave.
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  e11 @u@x
Dy ¼ 0
Dz ¼ e31 @u@x þ e33 @w@z  e33 @u@z
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>: ð5bÞ
The mechanical and electric governing equation with initial
stress considered can be expressed asrij;i þ uj;kr0ki
 
;i ¼ q€uj
Dm;m ¼ 0
8><
>: ð6Þ
Inserting Eq. (5) into (6) leads to
Fig. 5. Effects of initial stress r0zx ¼ r0zx

c044
 
on the reﬂection and transmission angles in the case of incident QP wave.
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The solution of Eq. (7) is assumed as:
fu;w;ug ¼ U1;U2;U3f g exp inðxþ az ctÞ½  ð8Þ
where nð¼ kxÞ and c are the apparent wave number and the appar-
ent speed. It is noticed that the known Snell’s law, namely, the
apparent wave numbers of various wave are same, is assumed in
Eq. (8). a ¼ kz=kx is the projection ratio of wave number on the x
and z axes. If the wave propagation direction deviates the positive
z axis with angle h, then RealðaÞ ¼ cot h, which will be used to com-
pute the reﬂection and refraction angles in the following section.
Inserting Eq. (8) into (7) leads to
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The explicit expressions of elements in the matrix K areK11 ¼ c11 þ r0xx
 þ c44 þ r0zz a2 þ 2r0zxa qc2; K12 ¼ K21
¼ ðc13 þ c44Þa
K13 ¼ K31 ¼ ðe15 þ e31Þa; K22
¼ c44 þ r0xx
 þ c33 þ r0zz a2 þ 2r0zxa qc2
K23 ¼ K32 ¼ e15 þ e33a2; K33 ¼ e11  e33a2
The condition of existing non-trivial solution is
jKðc;aÞj ¼ 0 ð10Þ
It is the secular equation of wave motion. For an incident
wave with given incident angle h ðRealðaÞ ¼ cot hÞ, the apparent
wave speed c can be obtained from Eq. (10). On the other hand,
because the reﬂection and transmission wave have same appar-
ent wave speed with the incident wave, the propagation direc-
tion of the reﬂection and transmission waves can also be
determined by Eq. (10) for the given incident angle h. In general,
for a given apparent wave speed c, Eq. (10) is a polynomial of six
orders about a. The solutions of this polynomial stand for all
possible wave modes. The real value of a stands for the bulk
wave propagates in the xOz plane. The imaginary value of a
stands for the surface wave propagates along interface with
attenuation vertical to the propagation direction. The complex
Fig. 6. Effects of initial stress r0zx on the reﬂection and transmission coefﬁcients in the case of incident QP wave.
3740 X. Guo, P. Wei / International Journal of Solids and Structures 51 (2014) 3735–3751value of a stands for the bulk wave with decreasing or increas-
ing amplitudes accompanied with propagation. This type of wave
is physically unacceptable in the elastic solid without dissipa-
tion. For the traverse isotropic solid considered, the value of a
indicates that there are six possible part waves. Four of them
are bulk waves and two of them are the surface wave. Moreover,two bulk waves are of the wave vector with positive projection
along z axis and the other two bulk waves are of wave vector
with negative projection along z axis. Therefore, the four bulk
waves are the incident and reﬂection waves, respectively. Let
a1, a3 and a5 are the reﬂection quasi-longitudinal wave (QP),
the reﬂection quasi-traverse wave (QSV) and the reﬂection elec-
Fig. 7. Effects of initial stress r0zz ð¼ r0zz

c044Þ on the reﬂection and transmission angles in the case of incident QP wave.
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wave, incident QSV wave and incident EA wave. The incident
and the reﬂection angle hq can be determined by
cot hq ¼ RealðaqÞ ðq ¼ 1;2; . . . ;6Þ.
Deﬁne the amplitude ratio of each coupled wave
Gq ¼ U2qU1q ¼
K21ðaqÞK13ðaqÞK11ðaqÞK23ðaqÞ
K12ðaqÞK23ðaqÞK13ðaqÞK22ðaqÞ
Hq ¼ U3qU1q ¼
K11ðaqÞK22ðaqÞK12ðaqÞK21ðaqÞ
K12ðaqÞK23ðaqÞK13ðaqÞK22ðaqÞ
8><
>: ð11Þ
Then, the displacement, the electric potential, the traction and
the electric displacement of the incident wave, reﬂection wave
and the transmission wave can be expressed as
fu;w;ug ¼
X6
q¼1
1;Gq;Hq
 
U1q exp inðxþ aqz ctÞ
 	 ð12Þrzx;rzz;Dz;rxx;Dxf g ¼
X6
q¼1
in F1q; F2q; F3q; F4q; F5q
 
U1q
 exp inðxþ aqz ctÞ
 	 ð13Þ
whereF1q ¼ c44ðaq þ GqÞ þ e15Hq
F2q ¼ c13 þ c33aqGq þ e33aqHq
F3q ¼ e31 þ e33aqGq  e33aqHq
F4q ¼ c11 þ c13aqGq þ e31aqHq
F5q ¼ e15ðaq þ GqÞ  e11Hq
8>>><
>>>>:
ð14Þ
and f1;Gq;Hqg is the vibration form vector of each coupled wave.
Consider a quasi-longitudinal wave (QP) or a quasi-traverse
wave (QSV) propagating from medium 1 c0ijmn; e
0
mij; e0mi;q0

 
toward
the interface between the medium1 and medium 2 cijmn; emij; emi;

qÞ, see Fig. 1.
The displacement, the traction, the electric potential and the
electric displacement can be expressed as
u0;w0;u0f g ¼ 1;G0q;H0q
n o
U01q exp inðxþ a0qz ctÞ
h i
ð15aÞ
r0zx;r
0
zz;D
0
z;r
0
xx;D
0
x
  ¼ in F 01q; F 02q; F 03q; F 04q; F 05qn oU01q
 exp inðxþ a0qz ctÞ
h i
ð15bÞ
for the incident QP wave ðq ¼ 2Þ or the incident QSV wave ðq ¼ 4Þ in
the medium 1,
Fig. 8. Effects of initial stress r0zz on the reﬂection and transmission coefﬁcients in the case of incident QP wave.
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h i
ð16aÞ
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for the reﬂection wave in the medium 1 andu;w;uf g ¼
X
q¼2;4;6
1;Gq;Hq
 
U1q exp inðxþ aqz ctÞ
 	 ð17aÞrzx;rzz;Dz;rxx;Dxf g ¼
X
q¼2;4;6
in F1q; F2q; F3q; F4q; F5q
 
U1q
 exp inðxþ aqz ctÞ
 	 ð17bÞ
for the transmission waves in the medium 2. Inserting Eqs. (15–17)
into the interface condition
Fig. 9. Balance of normal energy ﬂux under three types of initial stress in the case of incident QP wave. (a) Under initial stress r0xx ; (b) under initial stress r0zx ; (c) under initial
stress r0zz .
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where
Lq ¼ F1q þ r0zx þ r0zzaq
Mq ¼ F2q þ r0zx þ r0zzaq
 
Gq
(
ð19bÞThe parallelism of Hq;Gq; Fiq; Lq and Mq in the other medium are
indicated by H0q;G
0
q; F
0
iq; L
0
q and M
0
q, respectively. The amplitude
reﬂection and the transmission coefﬁcient, namely, the amplitude
ratio of the reﬂection and the transmission wave to the incident
wave, can be obtained by solving the algebraic equation.
In order to validate the numerical results, the energy carried by
the incident wave and the energy dividing between the reﬂection
and the transmission waves are estimated. The normal energy ﬂux
balance within a thin layer at interface with the length of lx  ly and
the inﬁnitesimal thickness d ! 0 is also considered, see Fig. 2.
The energy ﬂux density carried by a coupled wave can be
expressed as
PiðtÞ ¼  _ujrji  r0ikuj;k _uj þu _Di ð20Þ
when all physical quantities in Eq. (20) are real valued. The aver-
aged energy ﬂux in one period is
Pi ¼ x2p
Z p=x
p=x
PiðtÞdt ¼ 12Re  _u

jrji  r0ikuj;k _uj þu _Di

 
ð21Þ
where superscript ‘‘’’ in _ui and _Di indicates the conjugated com-
plex. Inserting Eqs. (15–17) into Eq. (21), the averaged energy ﬂux
through unit area vertical to the propagation direction for the inci-
dent wave, the reﬂection wave and the transmission wave can be
estimated by
Fig. 10. Effects of initial stress r0xx on the reﬂection and transmission angles in the case of incident QSV wave.
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 
1þGqGq

 
þHqF5q
h i
U1q U1q

 
Pzq ¼ 12n2c F1qþGqF2qþ r0zxþr0zzaq
 
1þGqGq

 
þHqF3q
h i
U1q U1q

 
8><
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ð22Þ
The energy ﬂux along the propagation direction nq is
Pq ¼ Pnq ¼ Pxq cosðnq; xÞ þ Pzq cosðnq; zÞ ð23Þ
Due to the exponential attenuation of the mechanical and elec-
trical quantities at the equi-phase surface (the attenuation term is
enbqz), the energy ﬂux along x axis (unit area = ly  lz ¼ n 1=n) for
the surface wave (aq ¼ ibq) should be multiplied by a discount fac-
tor, i.e.
R n=2
n=2
R 1=n
0 e
2nbqzdzdy ¼ 1e2bq2bq for the lower half-space andR n=2
n=2
R 0
1=n e
2nbqzdzdy ¼ e2bq12bq for the upper half space.
Deﬁne the energy reﬂection and transmission coefﬁcients as the
ratio of energy ﬂux of the reﬂection and transmission waves to the
incident wave, respectively.
ERs ¼
PRs
PIQPðQSVÞ
; ETs ¼
PTs
PIQPðQSVÞ
; ðs ¼ QP;QSV ; EAÞ ð24Þ
The normal energy ﬂux balance within the thin layer at the
interface requires
E ¼ PRzQP þ PRzQSV þ PTzQP þ PTzQSV

 .
PIzQPðQSVÞ ¼ 1 ð25Þ3. Results and discussion
The material constants of two piezoelectric solids, Ceramics
PZT-5H and Aluminum Nitride (ALN), are listed in Table 1 (Auld,
1990). The incident wave is assumed to be in the ALN and propa-
gates toward to the interface. Two cases, incident QP wave and
the incident QSV wave, are considered in the numerical examples,
respectively. Three kinds of initial stress cases, namely, r0xx, r0zz and
r0zx are considered for QP incident and QSV incident cases,
respectively.3.1. In the case of incident QP wave
In order to investigate the effects of initial stress, the reﬂection
and transmission angles as well as the energy reﬂection and trans-
mission coefﬁcients are computed for different incident angle. The
numerical results with initial stress and without initial stress are
both shown in one ﬁgure to facilitate the comparison.
The effects of initial stress r0xx are shown in Figs. 3 and 4. Fig. 3
shows the effects of initial stress on the reﬂection and transmission
angles. It is found that the existence of r0xx makes the transmission
angle decreasing evidently but the reﬂection angle unchanged.
Fig. 4 shows the effects of initial stress on the energy reﬂection
and transmission coefﬁcients. It is observed that the transmission
Fig. 11. Effects of initial stress r0xx on the reﬂection and transmission coefﬁcients in the case of incident QSV wave.
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reﬂection EA wave decreases too. The inﬂuence of the initial stress
r0xx on the reﬂection QSV wave is dependent of the incident angle.
The reﬂection coefﬁcient decreases at the range that incident angle
is less than about 40 but increases at the other range. The
inﬂuence on the reﬂection QP wave is the least and nearly
unnoticed.The effects of initial stress r0zx are shown in Figs. 5 and 6. Fig. 5
shows the effects of initial stress on the reﬂection and transmission
angles. It is found that the existence of r0zx makes the reﬂection
angle decreasing but the transmission angle increasing. Fig. 6
shows the effects of initial stress on the energy reﬂection and
transmission energy coefﬁcients. It is observed that the reﬂection
coefﬁcient of QP wave decreasing but the transmission coefﬁcients
Fig. 12. Effects of initial stress r0zx on the reﬂection and transmission angles in the case of incident QSV wave.
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other reﬂection and transmission waves is dependent of the inci-
dent angle. The inﬂuence on the transmission QP wave is the
least.
The effects of initial stress r0zz are shown in Figs. 7 and 8. It is
seen from Fig. 7 that the existence of r0zz makes the reﬂection
and the transmission angle both increasing except the reﬂection
QP wave. The reﬂection angle of QP wave equals to the incident
angle and does not subjected to the inﬂuence of initial stress r0zz.
From Fig. 8, it is observed that the inﬂuences of r0zz on the energy
reﬂection and the transmission coefﬁcients of QP wave are evi-
dently less than on the QSV wave and EA wave. The transmission
coefﬁcients of QSV wave and EA wave decrease at total range of
incident angle. However, the reﬂection coefﬁcient of QSV wave
and EA wave decrease at the range less than about 40 but increase
at the range larger than about 40.
By comparison of the inﬂuences of three kinds of initial stresses
on the energy reﬂection and the transmission coefﬁcients, it is
found that the inﬂuence of r0xx and r0zz gradually decrease to zero
when the incident angle of QP wave is close to 0 and 90. How-
ever, the inﬂuence of r0zx gets minimum at the incident angle close
to 0 and gets maximum at the incident angle close to 90. The
inﬂuence of three kinds of initial stress on the reﬂection and the
transmission angle always gradually increase when the incident
angle increase.In order to validate the numerical results, the normal energy
ﬂux through a thin layer at interface are computed and shown in
the Fig. 9. It is noticed that the energy ﬂux balance is satisﬁed
exactly for the initial stress r0xx and r0zz cases, but is not satisﬁed
exactly at a range near 90. The cause resulting in the deviation
will be explained later.
3.2. In the case of incident QSV wave
Because the reﬂection angle of QP wave is always greater than
the QSV wave, there is a critical incident angle (38:4 without ini-
tial stress) for the incident QSV wave. The reﬂection QP wave
becomes the surface wave when the incident angle exceeds the
critical angle.
The effects of the initial stress r0xx are shown in Figs. 10 and 11.
As in the case of incident QP wave, the initial stress r0xx makes the
transmission angle decreasing evidently but has no inﬂuence on
the reﬂection angle. The critical angle is not subjected to the initial
stress r0xx. It is observed that the energy transmission coefﬁcients
of various wave decrease and the reﬂection coefﬁcients except
the EA wave increase.
The effects of initial stress r0zx are shown in Figs. 12 and 13. It is
observed that the inﬂuence of r0zx on the reﬂection and transmis-
sion angles are the same as in the case of incident QP wave,
namely, the reﬂection angle decreases and transmission angle
Fig. 13. Effects of initial stress r0zx on the reﬂection and transmission coefﬁcients in the case of incident QSV wave.
X. Guo, P. Wei / International Journal of Solids and Structures 51 (2014) 3735–3751 3747increase. The existence of initial stress r0zx makes the critical angle
increasing namely, hcr ¼ 39:9; 42:9; 45:9 at r0zx ¼ r0zx

c044 ¼
0:08; 0:25; 0:41, respectively. From Fig. 13, it is observed that
the initial stress r0zx can makes the energy reﬂection and transmis-
sion coefﬁcients increasing or decreasing dependent of the incident
angle. But both of the reﬂection and transmission coefﬁcients
increase when the incident angle is close to the 90.The effects of initial stress r0zz are shown in Figs. 14 and 15. As in
the case of incident QP wave, the transmission angles of various
wave increase, but, in contrast, the reﬂection angle of QSV wave
is not subjected to the inﬂuence of initial stress r0zz. Recall that it
is the QP wave which is not subjected to the inﬂuence of initial
stress r0zz in the case of incident QP wave. The initial stress r0zz also
makes the critical angle increasing but the change of critical angle
Fig. 14. Effects of initial stress r0zz on the reﬂection and transmission angles in the case of incident QSV wave.
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at r0zz ¼ r0zz

c044 ¼ 0:08;0:41;0:75; respectivelyÞ. Different from
the incident QP wave, the initial stress r0zz has the least inﬂuence
on the reﬂection QSV wave, but it is transmission QP wave that
the initial stress r0zz has the least inﬂuence in the case of incident
QP wave.
In order to validate the numerical results, the normal energy
ﬂux through a thin layer at interface are also computed and shown
in the Fig. 16. It is noticed that the energy ﬂux balance is satisﬁed
exactly for the cases under the initial stress r0xx and r0zz, but is not
satisﬁed exactly for the case under initial stress r0zx when the inci-
dent angle exceeds the critical angle. Recall that the normal energy
ﬂux balance is not satisﬁed exactly at a range near 90 in the case
of incident QP wave. Why the normal energy ﬂux balance can be
satisﬁed exactly for the cases under the initial stress r0xx and r0zz
but not satisﬁed exactly for the case under initial stress r0zx? We
trace the cause and ﬁnd that the secular equation Eq. (10) is actu-
ally a polynomial of six orders about the wave number ratio a. The
polynomial is of only the even powers of a in the cases under the
initial stress r0x and r0zz but both of even powers and odd powers
under the initial stress r0zx. The difference makes the characteristic
roots a to be real or imaginary value for the cases under the initial
stress r0xx and r0zz but may be complex value for the case under the
initial stress r0zx. The real value of ameans the bulk wave mode and
the imaginary value of a means the surface wave mode. Thecomplex value of a means the bulk wave with decay and is often
called the inhomogeneous wave when the direction of decay is
not coincident with the propagation direction. The inhomogeneous
wave usually propagates in the media with dissipation and is phys-
ically unacceptable in the present piezoelectric solid without dissi-
pation. In our numerical computation, the real part of the complex
root a is ignored (the real part is usually very small compared with
the imaginary part), this results in the deviation of normal energy
ﬂux balance in the case under the initial stress r0zx. If the real part of
complex root a is retained, our number simulations show that the
normal energy ﬂux balance can also be satisﬁed exactly for the case
under the initial stress r0zx.
4. Conclusions
The existence of the initial stress is often unavoidable in the lay-
ered piezoelectric structures. The effect of initial stress on the
reﬂection and transmission wave at the interface between two pie-
zoelectric solids is therefore interesting. Three sets of coupled
waves, namely, QP wave, QSV wave and EA wave, with different
vibration form vector and propagation speed are considered. The
inﬂuence of the initial stress on the reﬂection and transmission
angle and the energy reﬂection and transmission coefﬁcients are
computed for ALN/PZT-5H material combination. From the numer-
ical results, the following conclusions can be drawn:
Fig. 15. Effects of initial stress r0zz on the reﬂection and transmission coefﬁcients in the case of incident QSV wave.
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affected by the initial stress. In general, the initial stress
r0xx makes the transmission angle decreasing; r0zz makes
the transmission angle increasing; r0zx makes the reﬂection
angle decreasing and the transmission angle increasing. In
particular, the reﬂection angle does not equal to the incident
angle for same type wave under the initial stress r0zx. The EAwave always propagates along the interface and does not
subjected to the initial stress. The inﬂuence of three type ini-
tial stress on the reﬂection and the transmission angle
always gradually increase when the incident angle increase.
(2) The existence of the initial stress can change the critical
angle in the case of incident QSV wave. In general, the initial
stress r0zx or r0zz makes the critical angle increasing. How-
Fig. 16. Balance of normal energy ﬂux under three types of initial stress in the case of in
initial stress r0zz .
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dent inﬂuence on the critical angle. The initial stress r0xx
has no inﬂuence on the critical angle.
(3) The existence of initial stress makes the reﬂection or trans-
mission coefﬁcient of some waves increasing or decreasing
at total incident angle range, but, in general, the effects of
the initial stress on the reﬂection and the transmission coef-
ﬁcient are dependent of the incident angle range. It is
noticed that the inﬂuence of r0xx and r0zz gradually decrease
to zero when the incident angle of QP or QSV wave is close
to 0 or 90. However, the inﬂuence of r0zx gets minimum
at the incident angle close to 0 and gets maximum at the
incident angle close to 90.
(4) In the case of incident QP wave, the initial stress r0xx has the
least inﬂuence on the energy reﬂection coefﬁcient of QP
wave; r0zx has the least inﬂuence on the energy transmission
coefﬁcient of QP wave; r0zz has the less inﬂuence on both
reﬂection and transmission QP wave. In the case of incident
QSV wave, the initial stress has the evident effect on the
energy reﬂection and the transmission coefﬁcient of various
waves except the reﬂected QSV wave in the case under ini-
tial stress r0zz.cident QSV wave. (a) Under initial stress r0xx ; (b) under initial stress r0zx ; (c) underAcknowledgments
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